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A NONSTANDARD APPROACH TO 
EQUIDISTRIBUTION 

TRISTRAM DE PIRO 


Abstract. Using nonstandard analysis, we generalise a classical 
result on equidistributions to integrable functions, and give an ap¬ 
plication of the Weil conjectures for algebraic curves, to equidistri- 
bution in characteristic zero. 


Lemma 0.1. Let : n G M} be equidistributed on [0,1), then, if 
f G L^([0,1)), we have that; 

Jo fdL = limn^ooi Ej=i fi^i) 

Proof. We give a nonstandard proof of this result. Choose r] G *J\f 
infinite. By transfer, we can find an internal sequence {s* : i G 
{*Af n [l,?]])} C *[0,1), with Si = Xi, for i G Af. We adopt the nota¬ 
tion {Sn, Crj) of Definition 0.4 in j4], and define Srj : Crj ^ *71 by setting; 

■*..(1^ ^)) = -,"Card({, 6 -V n [ 1 ,: s. e [i, Ui)}) 

for 0 < j < 7] — 1 and V & C^. It is easily verified that 5n 
is finitely additive, hence ^-finitely additive. Following [3], we let 
{L{Srj), L{Crf), L{6ri)) denote the associated Loeb space. We claim that 
the standard part mapping; 

St: {L(S,),L{C,),L{6,)) ^ {[0,1], B,fi) 

is measurable and measure preserving, (**), where B denotes the 
completion of the Borel field on [0,1] and fv is Lebesgue measure. Ob¬ 
serve, for {a,b} C ([0,1) fl Q), using (=t=) and the fact that [a,b) = 

I I \7 7A1]- 

Sn{*[a, b)) = 7*Card{l < i < rj : Si E [a, b)} 
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The internal sequence defined by = 4*C'ar(i({fc G 

*A/'n [l,z] : Sfc G *[a, 6 )}), has the property that ~ b — a, us¬ 
ing Theorem 2.22(i) of |3]. Hence L{6n){*[a,b))= b — a. Now, let 
{c, d} C ([0,1) n 7^), and assume that c 7 ^ 0, (p). Choose sequences 
{ci,n,Cu,n,dl^n,du,n ■ U G Z>i} C (*[0, 1) fl Q) SUch that Cu,n < C < < 

dl^n ^ d ^ IxTflYi^ooCu^n >cx)C/,ri C aud llTJlYi^ocdu^n 

limn^oodi,n = d. We have that [q,„, d/,„) C [^, C [c„,n,d„,„), for 
n G Z>i. Then, using elementary properties of measures, we have that; 

^)) = limn-,ooL{5^){[ci^n, di^n)) 

(d/^n ^l,n') 


^^‘^71^00\^u,n ^u,n) ^ ^ 

We can now follow Theorem 14 in [1], to obtain that L(d^)(st“^([c, d))) 
d — c, and then (**) is shown, using the same proof. For g G V{Sr,), 
and A G C,,, we let J^gdSr/ be as in Definition 3.9 of [3], and define 
S'-integrability, as in Definition 3.17 of [3]. Then, we have, by Theorem 
3.20 of [5], that, for g S'-integrable; 

° Is, dddr, = fs^ °gdL(S^), (* * *) 

If / G L^([0,1), H, /i), using the result (**), we must have that 
st*{f) G L^{L(Srj), L{Crj), L{6r^)). We claim that there exists g G 
SL^{Sr^), (@), with the property that g{xi) = f{xi), for 1 < i < r/ 
and °g = st*{f) a.e d{L{Sn)), (* * **). We follow the case by case proof 
of Theorem 3.31 in [3]. The case when st*{f) is bounded follows by 
choosing the initial sequence of C^-measurable functions {fn}n£jv>o to 
have the property that fn{,Xi) = f{xi), for 1 < i < n. After extending 
the sequence {/n}nGM>o to an internal sequence {/n}i<n<a;', for some 
infinite a;', this property continues to hold by overflow, quantifying 
over the internal sequence Choosing u < cj', as in 

the proof of Theorem 3.13, we obtain that fuj{xi) = f{xi), for i G Af, 
(**:(:**). For the general case, we can follow the proof, requiring, 
using (*****), and replacing Sr, by An, that the sequence {/n}neA/'>o) 

^The case c = 0 can be dealt with, by observing that [ 77 O] = 0, and taking 

Ciz,n — 0. 

^Using the notation in [I] for S'-integrable functions. 
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has the property that fn{xi) = f{xi), for any s* G An. Hence, (****) 
is shown. Then, using (**), (***),(** **); 

“ fsr, ddSn 
~ fsy 9dL{Srf) 

= hr, st*{f)dL{6rj) = fdfi 

The lemma then follows, this time using Theorem 2.22(ii) of [3]. 

□ 

Definition 0.2. Ifrj G *J\f is infinite, we say that an internal sequence 
C *[0,1) is equidistributed if it corresponds, by transfer, to 
a standard equidistributed sequence C [0,1). An internal se¬ 

quence {Si}i<i <)7 is weakly equidistributed if, for the associated measure 
L{6r,), L{6r,){a, b) = b- a, for {a, b) C *[0,1). 

Remarks 0.3. Observe, from the proof of Lemma Ii7.il that equidis¬ 
tributed implies weakly equidistributed, and, if {sj}i<i<^ is equidis¬ 
tributed or weakly equidistributed, then for any standard f G T^([0,1)), 

- fo fdt^- 

Lemma 0.4. If rj E *Af is infinite,an internal sequence {si}i<i<^ is 
weakly equidistributed iff for finite k G 

ft. 

Proof. Suppose that {sj}i<j<^ is weakly equidistributed, then, using 
the proof of Lemma 10.11 and Remark 10.21 we have that, for hnite 
k G as expr^ifluikx) is S'-integrable; 

°(f Ei<j<r,ea;Pr,(27ri/cSj)) 

= ° J-g expn{2'Kikx)d5^ 


^We adopt the notation of Definition 0.8 in [i], letting exp^Onikx) denote the 
Cr)-measurable counterpart of *exp{2TTikx) on *[0,1), and = {k € *Z : —rj < 

k < y — 1}. 
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= °expri{2nikx)dL{6r^) 

= Jg st*{exp{2TTikx))dL{6n) = exp{2Trikx)dp = 0 

Conversely, suppose that (*)> finite 

k G Let {a,b} C [0,1), e > 0 and choose / G C'°°([0,1]), (0), 

such that 11/ — X[a,6]I|c([o,i)) < (**). Suppose that f = g + r, where 
r = Jg /d/i, so that g G C°°([0,1]) and gdp = 0. Using Lemma 0.9 
of |1], we have that; 

9vi.^) = (0) 

Hence, using (*), the fact that |^* < 1, and 

\g'q{k)\ < p, (* * *), for k G where H eTZ, (0); 

ii 'l2l<i<ri9vi^i) ~ ii 'l2l<i<rt '^k&Z^^^Q9nik)GXPr^{2TlikSi) 

= * Ei<*<^ea;p^(2Ti/cSi) ~ 0 

Hence; 

and, using (**); 

Yll<i<rjXla,b),rj{Si) — - ri{Si)\ < -pe = 6 

Hence, as |^* Ei<i<^X(a,6),r,(s*) - r| < 2e and \r - {b - a)\ < e, we 
have that; 

~ — a)\ < 3e 

and, as e was arbitrary; 

'^l<i<rfXia,b),r]{Si) CZ (b — a) 

It follows that {si}i<i<^ is weakly equidistributed. 

^We let 1]) = {/ G Cp, 1] : 35 G ang*g = /}, where ang{e) = 

for 0 G [0,1], 

^We adopt the notation, in Definition 0.8, for {gri,gri, Z-q}- 

®For (* = 1 = *), see Lemma 0.16 and Theorem 0.19 of [4]. 
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□ 

Lemma 0.5. Let p G 7l[x] be a standard polynomial of degree d, 

0 < a; < 1, then; 

/ • , 1m1 — n, 

on tq^QQ^q prime q 

and, z/0<a<6<l and f G L^([0,1)); 

limq^oo,q prim.e^\{i ■ ^ < i < Z]f=0 1) ^ («)^)}l = 

(6-a) 

fo fdp = limq^oo,q prime] ELl f iT.t=0 i^^d 1)) 

Proof. The first claim follows easily from the fact that, for inhnite 
p G *Af prime, ~ ai, and Theorem 2.2(i) of [1]. For q prime in 

*M, let ti^q = [qai]. We have ai ~ and, therefore, 0 < < V, for 

p G *A/' inhnite prime. It follows, using underhow, that 0 < ti^q < q, 
for sufficiently large g G W prime, q > N{p), (*). For q G *N' prime, 
let Pq = claim that, for inhnite p G *N' prime, 

the sequence {^{j)}i<j<q is weakly equidistributed, (**). By Lemma 
10.41 it is sufficient to show that there exists an inhnite p G *A/', with 

^ 0, for fc G fc hnite, (* * *). 

Let Fq = ZjqZ denote a hnite held with q elements. Using Lemma 
0.5 of [2], we have that, for q > N{p), (g, d) = 1, and for 0 < fc < 77 — 1; 

If 77 G *J\f is prime, then {p,d) = 1, p > N{p), and, by transfer, for 
0 < fc < 77 — 1; 

^1 Eo<,<r,-i *ea;p(27r7^%(j))| < ^ ^ ~ 0 

The characters : —(g—1) < k < —1} are just are-enumeration 

of the characters : 1 < fc < g — 1} on Fg for g prime, and, there¬ 

fore, by the same argument; 

^1 Eo<i<r;-i *ea;p(27r7^%(j))| ^ 0, for fc G \ {-p, 0} 
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As exp{2Tiikx) is continuous on [0,1), for k E Z, and; 

max{}^expr,{2m!^*Pr,{0)), }^{expr^2m!^*pr,{p))) ~ 0 
we have that; 

^1* Ei<j</a:p^(27ri^%(j))| ^ 0, for finite k e 

It follows that (**), (* * *) hold. We have that, for any given e > 0 
standard, rj G *Af inhnite prime, that; 

{b-a)-e < i|{i : 1 < i < h, E?=o 1) G (a,6)}| < 

{b — a) + e 

By underflow, there exists a standard N{e,p) prime, such that, for 
all standard primes q > N{e,p)-, 

{b—a)—€ < ^\{i I < i < q, J2'i=o {mod 1) G (a, 6)}| < {b—a)+e 

hence, the second claim is shown. Using Remarks 10.31 for any given 
/ G U^([0,1)), standard e > 0, r/ G *Af inhnite prime; 

fo fdp-e<^ ELi /(Eto i'^od 1))< f dp+ e 

Again, by underhow, there exists a standard M{e,p,f) prime, such 
that, for all standard primes q > M{e,p, /); 

Jo fdp-e<^ /(Ef=o i^od 1)) < /o fdp + e 
Hence, the hnal claim is shown. 

□ 

Definition 0.6. Ifp G TZlx], andpq, q prime, are as in Lemma lOTB. we 
define the associated measure Pp^q = + • • • + + • • • + 

where {(5pg(i) ^ < i < q} are point measures supported at {pq{i) : 1 < 

i < q]. 

Lemma 0.7. If p E Il[x], then the sequence {Pp,q ■ q G Af, q prime} 
converges weakly to Lebesgue measure on [0,1). 


Proof. The proof follows immediately from the last part of Lemma 

031 □ 
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